In this work we determine and discuss the entropic uncertainty measures of Shannon type for all the discrete stationary states of the multidimensional harmonic systems directly in terms of the states' hyperquantum numbers, the dimensionality and the oscillator strength.
physical states of a D-dimensional quantum system is defined as
This quantity, which measures the total spreading of the density, gives a much more appropriate definition of the position uncertainty than the standard-deviation-based Heisenberg measure. This is basically because the latter depends on a specific point of the domain of the density and it gives a large weight to the tails of the distribution (see e.g., [32] ), what is only true for some particular distributions such as those which fall off exponentially.
The exact determination of the Shannon entropy of multidimensional quantum systems is an impossible task because the associated Schrödinger equation is not analytically solvable except for a small bunch of elementary systems subject to a quantum-mechanical potential of zero-range, Coulomb or harmonic (i.e., oscillator-like) type. Presently there exists a huge interest for D-dimensional harmonic oscillators in general quantum mechanics [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] , quantum chromodynamics and elementary particle physics [43, 44] , heat transport [45, 46] , information theory [47] [48] [49] [50] , fractional thermostatistics [50] and quantum information [51] [52] [53] . Even for these systems the analytical evaluation of the Shannon entropy for their stationary states is a formidable task because it is a logarithmic integral functional of some special functions of applied mathematics and mathematical physics [27, 54] (e.g., orthogonal polynomials, hyperspherical harmonics,...) which control the associated wavefunctions. This issue is much more difficult than the determination of other uncertainty measures like the Heisenberg-like and Fisher information ones, not only analytically but also numerically. The latter is basically because a naive numerical evaluation using quadratures is not convenient due to the increasing number of integrable singularities when the principal hyperquantum number is increasing, which spoils any attempt to achieve reasonable accuracy even for rather small hyperquantum number [55] .
In this work we determine in a closed form the Shannon entropy for all the discrete stationary states of the D-dimensional harmonic oscillator system (i.e., a particle moving under the action of a quadratic potential) from first principles, i.e. directly in terms of the hyperquantum numbers of the states and the oscillator strength. Up until now this quantity has been computed only for the one-dimensional harmonic states [56] and for the high-energy (i.e., Rydberg) states of the twoand D-dimensional harmonic systems [47, 57, 58] . In addition, the Shannon entropy for the highdimensional (i.e., pseudoclassical) harmonic states has been already conjectured [59] . We should also mention here that the other basic uncertainty measures (namely the Heisenberg-like measures, the Fisher information and the Rényi entropies) have been recently calculated for all stationary states of the multidimensional harmonic system in [60] [61] [62] , [63] and [59] respectively, for the highdimensional harmonic states in [64] and for the Rydberg harmonic states in [47, 57] . See also [65] for the values of the Rényi entropies for the Rydberg states of the one-dimensional harmonic oscillator.
In the following we first give the probability densities which characterize the stationary states of the multidimensional harmonic oscillator system. Then, we calculate the Shannon entropy of these densities in an explicit manner.
II. QUANTUM PROBABILITY DENSITIES OF HARMONIC STATES
The Schrödinger equation of the D-dimensional harmonic oscillator has the form [48] (see also [33, [66] [67] [68] )
in atomic units, where ∇ D and V (r) denote the D-dimensional gradient operator and the quadratic
and {H n i (x); i = 1, . . . , D} denote the Hermite polynomials of degree n i orthogonal with respect the weight function ω n (x) = e −x 2 in (−∞, ∞).
Then, the corresponding quantum probability densities are given by
and
in the position and momentum spaces, respectively. The symbolψ {n i } ( p) denotes the momentum eigenfunction of the system, i.e., the Fourier transform of the position eigenfunction ψ {n i } ( r).
III. SHANNON ENTROPY OF HARMONIC STATES
Here we calculate the Shannon entropy (3) of the multidimensional harmonic probability density (5) , that is,
where the integrals I are given by
respectively, whose computation is shown in the following. The first integral I
can be calculated as
Then, the second integral
can be determined as
3 , 
The symbol {x n,k , k = 1, ..., n} denotes the roots of the Hermite polynomial H n (x), and V n (x) is known as the logarithmic potential of the Hermite polynomial H n (x) which is given by
where γ is the Euler constant and 1 F 1 and 2 F 2 denote the well known hypergeometric functions [69] . Then, rewriting I (D) 3 more appropriately one has that
Then, gathering into (7) Eqs. (11), (12) and (13) we have that the exact Shannon entropy of the D-dimensional harmonic oscillator in position space is given by
where N = n 1 + . . . + n D . We observe that the physical Shannon entropy of the multidimensional harmonic oscillator depends on the position-space dimensionality and the location of the roots of the Hermite polynomials which control the position wavefunctions of the system. Note that for the ground state {n i = 0, i = 1, ..., D} one has the value
(since all the involved sums boil down to zero [40] ) and in the particular case D = 1 one obtains
which is the position Shannon entropy for the one-dimensional harmonic oscillator previously obtained [56] as expected. Moreover, in the attached figure we give for illustrative purposes the position Shannon entropy for the states {n i = 0, i = 1, . . . , D}, {n 1 = 1; n i = 0, i = 2, . . . , D}, {n i = 1, i = 1, . . . , D − 1; n D = 0} and {n i = 1, i = 1, . . . , D} at various dimensionalities. Therein, we practically observe a monotonically increasing entropic behavior when both the dimensionality and the population of the states are increasing. Finally, keeping in mind the trivial relation between the position and momentum probability densities for the harmonic system as explicitly mentioned above, one obtains the following expression for the Shannon entropy in momentum space
8 Thus, the Shannon uncertainty sum gives
which does not depend on the oscillator parameter α as expected because the harmonic potential is an homogeneous potential. Moreover, for the ground state {n i = 0, i = 1, ..., D} one has the value
, which saturates the well-known entropic uncertainty relation of Bialynicki-Birula and Mycielski [70] .
IV. CONCLUSIONS
Space dimensionality is known to have a direct influence on the chemical and physical
properties of the quantum systems, basically because their wavefunctions strongly depend on it.
Moreover it has been recently shown that space dimensionality is a physico-technological resource in quantum information and computation [53, [71] [72] [73] and nanotechnology [74] . Presently there is an increasing interest on the dimensional dependence of the entropic properties for the stationary states of the multidimensional quantum systems [5, 75] ; it is known that they do not depend on 
